Abstract. We prove a blow-up formula for Dolbeault cohomologies of compact complex manifolds by introducing relative Dolbeault cohomology. As corollaries, we present a uniform proof for bimeromorphic invariance of (•, 0)-and (0, •)-Hodge numbers on a compact complex manifold, and obtain the equality for the numbers of the blow-ups and blow-downs in the weak factorization of the bimeromorphic map between two compact complex manifolds with equal (1, 1)-Hodge number or equivalently second Betti number. Many examples of the latter one are listed. Inspired by these, we obtain the bimeromorphic stability for degeneracy of the Frölicher spectral sequences at E1 on compact complex threefolds and fourfolds.
Introduction
In algebraic geometry and differential geometry, Dolbeault cohomology (named after Pierre Dolbeault) is an analog of de Rham cohomology for complex manifolds. For a complex manifold X, its Dolbeault cohomology groups H p,q ∂ (X) depend on a pair of integers p and q, and are realized as a subquotient of the space of complex differential forms of degree (p, q). In complex geometry, blow-up or blow-down is a type of geometric transformation which replaces a subspace of a given complex space with all the directions pointing out of that subspace. In particular, blow-up is the most fundamental transformation in birational geometry, because every birational projective morphism is a blow-up morphism with a possibly singular center. Besides its importance in describing birational transformations, the blow-up also provides us with an important way of constructing new complex spaces. For instance, most procedures for resolution of singularities proceed by blowing up singularities until they become smooth.
Due to the de Rham Theorem it is known that the de Rham cohomology of a smooth manifold is a topological invariant. Compared with the de Rham cohomology, the Dolbeault cohomology of a complex manifold depends on the complex structures, i.e., it is a biholomorphic invariant. On the geometry of the blow-up of a complex manifold with a smooth center, the de Rham blow-up formula shows the variant of de Rham cohomology under the blow-up transformations. In literatures, there are many different versions of blow-up formulas for various (co)homology theories; for instance, the cyclic homology [11] , the algebraic K-theory [24] , and the topological Hochschild homology [7] .
The purpose of this paper is to study the behavior of Dolbeault cohomologies under blow-up along a smooth center. More precisely, we prove a blow-up formula for Dolbeault cohomologies of compact complex manifolds by Cordero's Hirsch Lemma [10, Lemma 18] and introducing relative Dolbeault cohomology in Subsection 2.2.
Main Theorem 1.1. Let X be a compact complex manifold with dim C X = n and Z ⊆ X a closed complex submanifold of complex codimension r ≥ 2. Suppose that π :X → X is the blow-up of X along Z. Then for any 0 ≤ p, q ≤ n, there is an isomorphism
(1.1)
As a byproduct, we obtain the isomorphism of relative Dolbeault cohomologies H p,q ∂ (X, Z) ∼ = H p,q ∂ (X, E) with the exceptional divisor E, induced by the blow-up morphism π :X → X in Proposition 3. 4. This paper is much motivated by an interesting question in [2, Introduction] .
Question 1.2. If X is a ∂∂-manifold, is its modificationX still a ∂∂-manifold?
Recall that a compact complex manifold is a ∂∂-manifold if the standard ∂∂-lemma holds on it, that is, for every pure-type d-closed form on this manifold, the properties of d-exactness, ∂-exactness,∂-exactness and ∂∂-exactness are equivalent. The converse of this question is confirmed by [39] or [13, Theorem 5.22 ]. Here we can answer Question 1.2 positively in the threefold case by the blow-up formulae (1.1), (2.1) of Dolbeault and de Rham cohomologies and an equivalent characterization of ∂∂-manifold as in [3] .
From the bimeromorphic geometric point of view, a blow-up transformation is a canonical and most important example of bimeromorphic map. Conversely, we have the celebrated weak factorization theorem, (a part of) which is to be used in many occasions of this paper. [55] ). Let π :X X be a bimeromorphic map between two compact complex manifolds as in Definition 4.2 
. Let U be an open set where π is an isomorphism. Then π can be factored into a sequence of blow-ups and blow-downs along irreducible nonsingular centers disjoint from U . That is, to any such π we associate a diagram
where
(ii) π i are isomorphisms on U ; (iii) either π i : X i−1 X i or π
−1 i
: X i X i−1 is a morphism obtained by blowing up a nonsingular center disjoint from U .
As a direct application of Theorem 1.1, we have Corollary 1.4. Let X andX be two bimeromorphically equivalent n-dimensional compact complex manifolds. Then for 0 ≤ p, q ≤ n, there hold the Dolbeault cohomology isomorphisms
Recall that the (p, q)-Hodge number h p,q (M ) of a compact complex manifold M is the complex dimension of the (p, q)-Dolbeault cohomology group. Corollary 1.4 implies the equalities for (p, 0)-and (0, q)-Hodge numbers of two bimeromorphically equivalent compact complex manifolds:
Therefore, one obtains a uniform proof of the classical result that the (p, 0)-and (0, q)-Hodge numbers of a compact complex manifold are bimeromorphic invariants. For the type (0, q), it has been shown that H
by means of Leray spectral sequence associated with the bimeromorphic map between the two complex manifolds and the structure sheaf O X (see [ 
So it is obvious that if the equality h 1,1 (X) = h 1,1 (X) for Hodge numbers holds, then the numbers of blow-ups and blow-downs in the weak factorization (1.2) are equal.
Inspired by Corollary 1.5, one obtains the bimeromorphic stability for the degeneracy of the Frölicher spectral sequences at E 1 on compact complex threefolds and fourfolds. Actually, the first part of Theorem 1.6 is also applicable to the ∂∂-lemma. Moreover, inspired by the blow-up formula of various cyclic homologies ([11, Remark 2.11]), we obtain a blow-up formula of Hochschild homologies for compact complex manifolds by Theorem 1.1. Recall that the Hochschild homology of a compact complex manifold X is given by
where O ∆ is the structure sheaf of the diagonal embedding ∆ : X / / X × X, and ∆ ! is the left adjoint of the pullback functor ∆ * (cf. [8] ). Corollary 1.7. Let X be a compact complex manifold with dim C X = n and Z ⊆ X a closed complex submanifold of complex codimension r ≥ 2. Suppose that π :X → X is the blow-up of X along Z. Then there is an isomorphism of Hochschild homologies
for any −n ≤ k ≤ n.
Finally, we will list several examples with equal (1, 1)-Hodge number or equivalently second Betti number for Corollary 1.5 in Theorem 5.1, such as two bimeromorphic minimal models in birational geometry. In particular, using the recent works of Graf [17] and Lin [31, 32] on algebraic approximation of Kähler threefolds, one obtains a bimeromorphic invariance result of Hodge numbers. According to the blow-up formulae of de Rham cohomology (2.1) and Dolbeault cohomology for general complex manifolds, it is reasonable to propose the following conjecture for that of Bott-Chern cohomology for general complex manifolds. Conjecture 1.9. Let X be a compact complex manifold with dim C X = n and Z ⊆ X a closed complex submanifold of complex codimension r ≥ 2. Suppose that π :X → X is the blow-up of X along Z. Then there is a canonical isomorphism
Here the (p, q)-Bott-Chern cohomology group of a complex manifold M is defined by
It is worth noticing that ifX satisfies the ∂∂-lemma, so does Z by Theorem 1.1 and (2.1), and thus Conjecture 1.9 holds then. This paper is organized as follows. We devote Section 2 to review the blow-up formula of de Rham cohomologies on complex manifolds and introduce relative Dolbeault cohomology. In Section 3, we give the proof of Main Theorem 1.1. The proofs of Corollaries 1.4-1.7 of Main Theorem 1.1 are given in Section 4. In Section 5, we list several examples specially for Corollary 1.5. The final appendix A is to give a new proof for blow-up formula of de Rham cohomologies on complex manifolds by relative de Rham cohomologies.
Shortly after we posted our first version [44] v1 on arXiv, we were informed that D. Angella, T. Suwa, N. Tardini and A. Tomassini also obtained a similar result [3, Theorem 2.1] to Theorem 1.6 with the center admitting a holomorphically contractible neighbourhood byČech cohomology theory, and additionally considered the orbifold case for new [3, Examples 3.2 and 3.3] satisfying the ∂∂-lemma. We also notice the more recent works [35, 36] of L. Meng, which present explicit expression for the isomorphism in the blow-up formula (1.1), and J. Stelzig's important work [47] which proves a similar result to (1.1) by computing double complexes of blowing up complex manifolds up to a suitable quasi-isomorphism and provides us a critical equivalent isomorphism to that of Proposition 3.4. More recently, in his updating of [35] , Meng proves the vanishing of the direct image sheaves relating to the relative Dolbeault sheaves and thus one is still able to obtain Proposition 3.4 by our previous approach in [44] v3 , which is sketched in Remark 3.7.
Preliminaries
In this section we will recall a blow-up formula for de Rham cohomology and introduce relative Dolbeault cohomology, which plays an important role in the proof of Main Theorem 1.1.
2.1. Blow-up formula for de Rham cohomology. Assume that X is a compact complex manifold in the Fujiki Class (C ), i.e., bimeromorphic to a Kähler manifold. Let dim C X = n and let Z ⊆ X be a closed complex submanifold with codim C Z = r ≥ 2. Then Z is also in the Fujiki Class (C ) (cf. [15, Lemma 4.6] ). Let π :X → X be the blow-up of X with the center Z and the exceptional divisor E = π −1 (Z). By definition, we get thatX is in the Fujiki Class (C ). Observe that E is a hypersurface inX the inclusion  : E ֒→X induces a map called Gysin morphism
In particular, we have the following canonical isomorphism which gives rise to a blow-up formula for de Rham cohomology 1 (cf. [51, Theorem 7.31]):
dR (E; R) and h i is given by the cupproduct by h i ∈ H 2i dR (E; R). We will present a new proof of this formula by relative de Rham cohomologies in Appendix A. By definition, E is biholomorphic to P(N Z/X ), the projective bundle associated to the normal bundle N Z/X , and O E (1) is the associated tautological line bundle. Recall that the normal bundle N Z/X := T X|Z /T Z of Z in X is a holomorphic vector bundle of rank r. Moreover, the restriction of h to each fiber CP r−1 of P(N Z/X ) is the generator of the cohomology ring H • dR (CP r−1 , R), which means 
1 In the proof of [51, Theorem 7.31 ] the manifold X is a Kähler manifold for the studying of Hodge structure of a blow-up; in fact, the argument given in the proof of [51, Theorem 7.31 ] can be applied to any compact complex manifold without any essential changes.
According to the isomorphism (2.1) there exist unique classes
From the Hodge decomposition (2.2) it follows
(X). Likewise, from (2.3) and (2.4) one obtains
and
From (2.5)-(2.7) and via a degree checking we get
This implies a blow-up formula for Dolbeault cohomology on complex manifolds with canonical decompositions
where 0 ≤ p, q ≤ n. The goal of this paper is to present a blow-up formula for Dolbeault cohomologies of a general compact complex manifold. It is worth noticing that not all complex manifolds satisfy the ∂∂-lemma or rather Hodge decomposition, such as Iwasawa manifolds.
2.2.
The exact sequence associated to a closed submanifold. In this subsection we introduce the definition of relative Dolbeault cohomology inspired by the relative de Rham cohomology in the sense of Godbillon [16, Chapitre XII] . Another version of relative Dolbeault cohomology was defined by Suwa [48] .
Let X be a compact complex manifold of complex dimension n. For 0 ≤ p ≤ n, there is a complex of complex-valued differential forms
where A p,q (X) is the space of complex-valued differential forms of (p, q)-type on X. Then the (p, q)-th Dolbeault cohomology of X is defined to be
Assume that M is a compact complex manifold with complex dimension n and let N be a closed complex submanifold of M . For any p ≥ 0, consider the space of differential forms
where i * is the pullback of the holomorphic inclusion i : 
The associated q-th cohomology H [30, Proposition 6.25] . Now, to U and N we associate the induced complex structures by the one of M , and let i : Z ֒→ U be the holomorphic embedding since Z is a closed complex submanifold of M . Then the chain rule ensures that γ is still smooth under these complex structures.
For any α p,q ∈ A p,q (N ), the pull-back β := γ * (α p,q ) by γ is a complex-valued smooth (p + q)-form on U . By the type decomposition according to the complex structure, β has the unique decomposition β = s+t=p+q β s,t with β s,t ∈ A s,t (U ). So,
since γ •i = id N and the pull-back of the holomorphic map i preserves the pure types of complex differential forms. Hence, β p,q is the desired one.
As a direct corollary of Lemma 2.1, one has
Particularly, there holds the so-called short exact sequence for the pair (M, N ) of complexes
which gives rise to a long exact sequence − → B be a holomorphic fibration, where E, B, F are compact connected complex manifolds and the structure group of the fibration is connected. An element α ∈ H p,q ∂ (F ) is called transgressive if there is a representative α ∈ A p,q (F ) which extends to a formα ∈ A p,q (E) such that∂α = π * β for some∂-closed form β ∈ A p,q+1 (B). If H
•,• ∂ (F ) is free as a bigraded algebra, we say that it is transgressive if it has an algebra basis consisting of transgressive elements.
Assume that the bigraded algebra H
•,• ∂ (F ) for the holomorphic fibration is free and transgressive. Let (A •,• ,∂) be a differential bigraded algebra and
a morphism of differential bigraded algebras giving an isomorphism on cohomology; that is,
Let α i ∈ A p,q (E) be a form and give rise to a∂-closed form representing x i when restricted to F . Let β i be such that∂α i = π * β i . Since ρ is an isomorphism on cohomology, one may pick a i such that
be the tensor product of these bigraded algebras, and define a differential∂ of type (0, 1) for T by setting∂ :
as∂(x i ) = a i . Then (T,∂) is a differential bigraded algebra. Then one has the important Hirsch Lemma.
Lemma 3.1 ([10, Lemma 18] ). The morphism
Now we apply the Hirsch Lemma to projective bundles. Suppose that V is a holomorphic vector bundle of rank r over a connected compact complex manifold B of dim C B = n. Consider the projectivization of the bundle V . Then we get a holomorphic fiber bundle P(V ) over B with the fibre F ∼ = CP r−1 . Note that the total space P(V ) is connected and the structure group PGL(r, C) is also connected. One has to check the conditions in Hirsch Lemma for P(V ). In particular, as a direct consequence of Lemma 3.2 and the Hirsch Lemma 3.1 we have the following result. Proposition 3.3. For any 0 ≤ p, q ≤ n, we have the following identity:
Proof. Consider the projective bundle In addition, we can define a bialgebra morphismρ :
by settingρ| A •,• = π * andρ(t) =t. On the one hand, according to the Hirsch Lemma 3.1 we get that the mapρ in (3.1) induces an isomorphism on cohomology:
On the other hand, from the definition of the operator∂ T we get
This implies that the isomorphism in (3.2) is equivalent tõ
Via a degree checking in (3.3) we have the following identity:
This completes the proof.
3.2. Dolbeault blow-up formula. From now on we assume that X is a compact complex manifold of complex dimension n. Suppose that ı : Z ֒→ X is a closed complex submanifold of complex codimension r ≥ 2. Without loss of generality, we assume that Z is connected; otherwise, we can carry out the blow-up operation along each connected component of Z step by step. Recall that the normal bundle T X|Z /T Z of Z in X, denoted by N Z/X , is a holomorphic vector bundle of rank r. The blow-upX of X with center Z is a projective morphism π :X / / X such that
is the exceptional divisor of the blow-up. Then one has the following blow-up diagram
In particular, due to Proposition 3.3, for any 0 ≤ p, q ≤ n − 1, the (p, q)-Dolbeault cohomology of the exceptional divisor E is
As the blow-up morphism π induces a natural commutative diagram for the short exact sequences of complexes
the long exact sequence (2.8) and the standard diagram chasing give rise to a commutative diagram
where δ,δ are the corresponding coboundary operators.
Proposition 3.4. The blow-up morphism π :X → X induces an isomorphism
for each p, q ≥ 0. 
Assume that i 1 is epimorphic, i 2 , i 3 , i 5 are monomorphic and i 4 is isomorphic. Then there exists a natural isomorphism coker i 2 ∼ = coker i 3 .
Based on these, we have
From (3.5) and (3.6) it follows that
This completes the proof of Theorem 1.1.
Proof of Proposition 3.4.
This proof is based on the recent results of J. Stelzig [47] and some standard homological algebra techniques. It is easy to see that for any p, q ≥ 0 the pullback π * : A p,q (X) → A p,q (X) is injective. In fact, for α ∈ A p,q (X) with π * α = 0, α| X−Z = 0 since πX −E :X − E → X − Z is biholomorphic. Then the continuity argument by codim X Z ≥ 2 shows that α = 0. So we get an injective morphism of complexes
• (X) be the quotient complex. Then we obtain a short exact sequence of complexes
and thus the long exact sequence of cohomology groups:
Observe that π E : E → Z is a fibre bundle and then the pullback π * E : A p,q (Z) → A p,q (E) is injective. Likewise, we have the long exact sequence of cohomology groups
Hence, the blow-up diagram (3.4) induces a commutative diagram
As the morphisms π * and π * E in (3.7) are injective, it can split into the commutative diagram of short exact sequences
According to the Snake Lemma [18, Page 120], the diagram (3.8) determines an exact sequence
J. Stelzig proved that the morphism (ĩ|ı) * is isomorphic in [47, Theorem 8] . So the exactness in (3.9) implies the isomorphisms ker (ı * ) ∼ = ker (ĩ * ) and coker (ı
From definition, the relative Dolbeault cohomology groups lie in the following commutative diagram of long exact sequences
Using the standard splitting method in homological algebra, we can split (3.11) to be commutative diagram of short exact sequences
From the exactness, we get Im (j q ) = ker (ı * q ) and Im (j q ) = ker (ĩ * q ). Moreover, the exactness implies the equalities:
and similarly ker (j q ) = coker (ĩ * q−1 ). This implies that the diagram (3.12) is isomorphic to
Due to (3.10) we finally obtain that π * :
Remark 3.6. The above proof shows that H
(X, E). Actually, the converse still holds just by the commutative diagram
and Proposition 3.5.
Remark 3.7. It is interesting to prove Proposition 3.4 directly by the isomorphisms (i) − (iii) in the proof of [47, Theorem 8] . This is completed by L. Meng in his updated version of [35] immediately after we sent the updating for [44] v3 with this suggestion. Now we state this by use of our notations in [44] 
where the first equality was first given in [44, Lemma 3.10] v3 . Then by (3.13) and Leray spectral sequence, one completes the proof of
that is exactly the isomorphism [44, (3.12) ] v3 of cohomologies for the Γ-acyclic resolutions of the sheaves
. This immediately yields Proposition 3.4.
Applications of Main Theorem 1.1
We will present the proofs of the direct Corollaries 1.4-1.7 from Theorem 1.1 on bimeromorphic geometry of compact complex manifolds.
One starts this section with several basic notions in bimeromorphic geometry. A nice reference of bimeromorphic geometry is [50, § 2] . The first one is the proper modification. 
A meromorphic map ϕ : X Y of complex varieties is called a bimeromorphic map if
If ϕ is a bimeromorphic map, the analytic set 
is a blow-up of X along a closed complex submanifold Z ⊆ X of codimension r ≥ 2. Then by Theorem 1.1, we have
In the above formula, if p = 0 or q = 0, then
otherwise, it will not be zero in general. As a consequence, the Dolbeault cohomology isomorphisms (1.3) hold.
Example 4.3. Hodge numbers of general types are not necessarily bimeromorphic invariants.
Here is a canonical example. Let X be a projective manifold of dimension n. Choose a point x ∈ X and denote by Bl x X the blow up of X at x. This is a projective manifold with a holomorphic map π : Bl x X → X, which is a biholomorphism over X − {x} such that π −1 (x) ∼ = CP n−1 . Then a classical calculation shows that the Hodge numbers of Bl x X are given by
One can also use our Main Theorem 1.1 to complete this simple calculation.
Proof of Corollary 1.5. As a direct corollary of Theorem 1.1, the blow-up π :Ỹ → Y of a compact complex manifold Y with a smooth center Z satisfies that
and thus
So we obtain the equalities
is a blow-up of X i with a smooth center;
is a blow-down of X i with a smooth center, which imply that
Proof of Theorem 1.6 . Recall that a quick definition by Poincaré and Serre dualities for degeneracy of the Frölicher spectral sequence at E 1 on an n-dimensional compact complex manifold M is
where b k (M ) is the k-th Betti number of M . As a direct application of Theorem 1.1 and the formula (2.1), there hold the equalities
As usual, we assume r ≥ 2. Combining (4.1) with (4.2), one has
(4.4) Now we assume that the Frölicher spectral sequence ofX degenerates at E 1 and prove the first assertion. Apply the useful Frölicher inequality for an n-dimensional compact complex manifold
Thus, the Frölicher spectral sequences of both X and Z degenerate at E 1 . The converse is similar.
Next one proceeds to the second assertion. Using the weak factorization Theorem 1.3, one reduces the argument to each blow-up. By (4.3) and (4.4), we just need the standard results on the degeneracy of the Frölicher spectral sequences for any point, curve and surface at E 1 (cf. [4, Theorem IV.2.8]).
Remark 4.4. From the first two equalities of (4.4), it follows that the quantities b 2 (M )−h 1,1 (M ) and b 1 (M ) are bimeromorphic invariants of a compact complex manifold M . Nevertheless, analogously to the proof of Corollary 1.5, one obtains Remark 4.6. It is interesting to construct a compact complex manifold such that its Frölicher spectral sequence degenerates at E 1 and the Hodge symmetry H p,q (−) ∼ = H q,p (−) for all possible p, q holds on it, but it does not satisfy the ∂∂-lemma, as provided recently in [9, Proposition 4.3] . From our blow-up formula for Dolbeault cohomologies, we notice that the Hodge symmetry is a bimeromorphic property for compact complex threefolds, while fortunately, the ∂∂-lemma is also a bimeromorphic property for compact complex threefolds. In this way, by bimeromorphic transformations, we can construct many more examples of compact non-∂∂-threefolds with the degeneracy of Frölicher spectral sequences at E 1 and Hodge symmetry from the known ones, such as the one in [9, Proposition 4.3] .
Proof of Corollary 1.7 . This is a direct consequence of Theorem 1.1 and Hochschild-KostantRosenberg (HKR) theorem for complex manifolds (cf. [8, Corollary 4.2)]). In fact, we have the following isomorphisms:
(by HKR theorem for X and Z),
for any −n ≤ k ≤ n. [8] and references therein. In [38, Theorem 4.3] , Orlov obtained the blow-up formula for derived categories of smooth projective varieties. Furthermore, if one is able to obtain that for compact complex manifolds, then one can also get Corollary 1.7, which is believed to be known for experts.
Examples of Corollary 1.5
In this section, we list several examples with equal (1, 1)-Hodge number or equivalently second Betti number for Corollary 1.5. They are believed to be of independent interest for further study since they much concern about the relationship between Hodge structure and bimeromorphic geometry. 
We first recall several notions in minimal model program. Let M be a normal variety. We say that a normal variety M is Q-factorial if for every Weil divisor D there exists an integer m ∈ N such that O M (mD) is a locally free sheaf, i.e., mD is a Cartier divisor and in addition that there is some number m ∈ N such that the coherent sheaf (K ⊗m M ) * * = (ω ⊗m M ) * * on the canonical sheaf K M = ω M is locally free. Then we write
A normal variety M has terminal singularities if (i) there is a positive integer k such that kK M is a Cartier divisor; (ii) for some desingularization f :M → M , any k-canonical form on M reg extends a kcanonical form onM vanishing along every exceptional divisor ofM , or equivalently,
and E(f ) denotes the union of all reduced f -exceptional hypersurfaces inM .
Notice that the property of terminal singularities does not depend on the choice of desingularization, and a smooth variety has terminal singularities. Proof. The general type case (i.e., the Kodaira dimension is the dimension of manifold) for algebraic approximation problem becomes trivial since every Kähler Moishezon manifold is projective and then one takes the trivial deformation of this manifold.
Let π :X → ∆ be a small deformation of X to some projective variety Y by [17, 31, 32] . By assumption and [26, Theorem 4.9] , the bimeromorphic map X X is a composition of a finite sequence of flops. Roughly speaking, a flop is a codimension-2 surgery operation, a sequence of which connects two minimal models in a bimeromorphic equivalence class. It is given by removing a curve on which the canonical divisor admits degree 0 and replacing it with another curve with the same property while there is a Cartier divisor that is negative on the first curve and positive on the second one. By 
As Y (resp.,Ỹ ) is a small deformation of X (resp.,X),Ỹ is Kähler, Moishezon and thus projective. SinceỸ is a small deformation ofX,Ỹ is Kähler by the fundamental KodairaSpencer's local stability theorem of Kähler structures (cf. [25, Theorem 15] and also [43] for a new proof), and thus projective since it is also Moishezon. So one obtains the equalities The projective analogue of this theorem is well-known to bi-rationalists (cf. [12, §7.18 ] for example or more recent [23] by flops) and we outline a proof here for analytic geometer's convenience.
Proof of Theorem 5.6 . The proof heavily relies on the 'negativity lemma' [28, Lemma 3.39] : Let h : Z → Y be a projective bimeromorphic morphism between normal varieties and −D an h-nef Q-Cartier Q-divisor on Z. Then h * D is effective if and only if D is. Recall that a divisor on a normal variety is f -nef for a projective morphism f if it has nonnegative intersection with every curve contracted by f . One applies a hyperplane section argument to reduce its proof to the surface case originally by [19, 37] .
By assumption, there exists a smooth complex variety W with two projective bimeromorphic morphisms  : W X and ı : W X, and effective Q-divisorsF and F such that
Set D = F −F . For any curve C contracted by , one has
since K X is nef. As  * D =  * F is effective, the negativity lemma implies that D is effective and thus F ≥F . Since X has terminal singularities, any -exceptional divisor appear inF and also in F . It is thus ı-exceptional and implies that ı(Exc()) has codimension at least two. Here Exc() denotes the exceptional locus of . Analogously, (Exc(ı)) has codimension at least two. Hence,X − (Exc() ∪ Exc(ı)) and X − ı(Exc() ∪ Exc(ı)) are isomorphic.
Remark 5.7. The 'nefness' assumption for the canonical divisors in Theorem 5.6 can be weakened as 'the canonical divisors are nef along the exceptional loci'.
Appendix A. Blow-up formula for de Rham cohomologies
In this appendix, we give a new proof of the blow-up formula (2.1) for de Rham cohomologies by use of the relative de Rham cohomology in the sense of Godbillon [16, Chapitre XII] . One finds that the de Rham case is much easier than the Dolbeault one. The easier thing here is the existence of smooth tubular neighborhood on the smooth manifolds while holomorphic tubular neighborhood does not necessarily exist (even on the Kähler manifolds, cf. [46] and the references therein).
